For a single membrane of stiffness k fluctuating between two planar walls of distance d, we calculate analytically the pressure law
Ž .
The prefactor p 2 r128; 0.077115 . . . is in very good agreement with results from Monte Carlo simulations 0.079 " 0.002.
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1.
A stack of n parallel, thermally fluctuating membranes exerts upon the enclosing planar walls a pressure which depends on the stiffness k and the temperature T as follows:
where k is Boltzmann's constant and d the dis-B Ž . tance between the walls see Fig. 1 .
This law, first deduced from dimensional considw x erations by Helfrich 1 , is of fundamental importance in the statistical mechanics of membranes just as the ideal gas law pV s N k T in the statistical 
Ž .
For a single membrane, the following value was w x found 4,3 :
1
So far, there exists no analytic theory to explain these values. The purpose of this note is to fill this gap for the constant a , by calculating analytically the pressure theoretical tool for this has only recently become available: A strong-coupling theory developed origiw x nally in quantum mechanics 5 , was extended sucw x cessfully to quantum field theories 6 , where it has been used to obtain extremely accurate values for the Ž . critical exponents of O n -symmetric scalar fields 4 w x with w -interactions 6 .
2.
Strong-coupling theory gives direct access to the large-g behavior of divergent truncated power series expansions of the type
The g ™`-limit of f g , to be denoted by f , is 
3.
We apply this theory to a membrane between walls by proceeding as follows. The partition function of the membrane is given by the functional integral
Ž . where u x is a vertical displacement field of the membrane fluctuating between horizontal walls at u sydr2 and dr2. The quantities A and f are the wall area and the free energy per unit area, respectively. Such a restriction of a field is hard to treat analytically.
We therefore perform a transformation which Ž . maps the interval u g ydr2,dr2 to an infinite w-axis,
and add to the fluctuation energy E in the exponent Ž . of 7 a potential energy which keeps the membrane Ž . between ydr2 and dr2 Poschl-Teller potential :
with expansion coefficients´,´,´, . . . : The potential energy per area is plotted in Fig. 2 . Its presence destroys the simple scaling properties of the Ž . partition function 7 , which depends only on the function Z associated with the modified energy E q E pot has an additional dependence on the dimensionless variable g s p 2 rm 2 d 2 . The original hard-wall system is obtained in the strong-coupling limit g T . In the opposite limit where g goes to zero, the energy E q E pot becomes harmonic,
leading to a partition function
where A is the area of the walls.
For a finite distance d, the interaction energy E int is treated perturbatively order by order in g, expanding the exponential e yE int r k B T in a power series, and each power in a sum of all pair contractions. These are pictured by loop diagrams whose lines represent the correlation function
Ž .
The free energy density f syk TA y1 log Z is ob-B tained from all connected loop diagrams. For simplicity, we shall use natural units with krk Ts 1.
B
The lowest contribution to the free energy density comes from the expectation value of the u 4 -interaction or the loop diagram 3 which is of the order 1rd 2 :
the line representing the pair expectation
Ž .
Together with the exponent in 12 , we thus obtain first-order free energy density
Ž . The calculation of the higher-order terms a , a , . . . is tedious, and will be presented in a 2 3 w x separate detailed publication 7 . In this note we shall circumvent it by exploiting a close relationship of the present problem with a closely analogous exactly solvable one, which may be treated in precisely the same way: The euclidean version of a quantummechanical point particle in a one-dimensional box Ž . u g ydr2,dr2 .
4.
The partition function of a particle in a box is
H
The quantum-mechanical ground state energy of this Ž . . 4 8 10 Ž . Inserting the coefficients 10 we find a ,a ,a , . . . : whereas the odd coefficients a ,a ,a , . . . vanish. 3 5 7 Ž . Ž . 
To account for this fact, we resum the series containing only the even terms c a a a
Ž . 
5.
To exploit this property of a particle in a box for the system at hand, the membrane between walls, we make the following crucial observation: The Feynman integrals determining the first two terms in Ž . the free energy densities in Eq. 16 for a membrane Ž . and in Eq. 28 for a particle are related to each other by a simple transformation of the integration variables. The membrane integrals . n lated to the Hdqr 2pm by the same factor 1r4. This property has the consequence that most of the connected loop diagrams contributing to the perturbation expansion of the free energy density, shown in Fig. 4 up to five loops, are related by a factor Ž . L 1r4 , where L is the number of loops. In particular, all such diagrams coincide which are usually Ž summed in the Hartree-Fock approximation chain . diagrams, daisy diagrams, etc. . Only the topological more involved diagrams 3-1, 4-1, 4-2, 4-5, 5-2, 5-3, 5-5, 5-6, 5-7, 5-11, 5-12, 5-15 in Fig. 4 do not follow this pattern. For a particle in a box, we can easily calculate the associated Feynman integrals w x in x-space as described in Chapter 3 of Ref. 5 , and find that they contribute less than 5% to the sum of all diagrams at each loop level. This implies that the corresponding results for the membrane between walls will differ at most by this relative amount from those for the particle in the box. We therefore con-Ž . clude that since the optimal value of D f c in Eq. Ž to a vanishing optimal value for N ™`in the particle case exactly, in the membrane case approxi-. mately . To reach this goal, the coefficients Ž . w ,w , . . . in 38 can be chosen rather arbitrarily, 4 6 although there are a few convenient ways for which the speed of convergence is fast. A preferred choice is one in which all coefficients a ,a ,a , . . . of the 2 3 3 perturbation expansion vanishes for a particle in a box. This and other possibilities will be studied w x separately 9,10 .
